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Welcome!

Thank you for downloading this book! It supplements the Introduction to Discrete Mathematics
for Computer Science 7 specialization at Coursera and contains many interactive puzzles (7,
autograded quizzes, and code snippets (7. They are intended to help you to discover important
ideas in discrete mathematics on your own, and to show you corresponding applications of these
ideas in computer science.

There are 464 problems and 225 code snippets in the book. Most of the problems come with
solutions and 219 of them are graded automatically (allowing you to get instant feedback). Please
ask questions, report typos, and suggest improvements through this form 7. This book was last
updated on July 27, 2026; get the latest version of the book at https://leanpub.com/discrete-math 7.
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(0. About the Book

Active Learning

This book covers ideas and concepts in discrete mathematics which are needed in various branches
of computer science. To make the learning process more efficient and enjoyable, we use the fol-
lowing active learning components implemented through our Introduction to Discrete Mathematics
for Computer Science specialization (7 at Coursera.

Interactive puzzles provide you with a fun way to “invent” the key ideas on your own. The
puzzles are mobile-friendly, so you can play with them anywhere. The goal of every puzzle
is to give you a clean and easy way to state problems where nothing distracts you from
inventing a method for solving it. In turn, the corresponding method usually has a wide
range of applications to various problems in computer science.

Autograded quizzes allow you to immediately check your understanding after learning a new
concept or idea.

Code snippets are helpful in two ways: 1) they show you how ideas from discrete mathematics
are used in programming, and 2) they serve as interactive examples and challenges: tweak
the given piece of code, run it, and see what happens.

Programming challenges will help you to solidify your understanding. As Donald Knuth said,
“I find that I don’t understand things unless I try to program them.”

Problem-based Learning

Throughout the book (and the associated specialization at Coursera) we follow a “try this before

we explain everything” approach: we always ask you to solve a problem first, and then we explain

how to solve it and introduce important ideas needed to solve it. We believe, this way you will get

a deeper understanding and also develop a better appreciation for the beauty of the underlying

ideas (not to mention the self-confidence that you get if you invent these ideas on your own!).

Don’t be discouraged if you can’t solve all the problems. Just having attempted them is often

enough to engage your mind, and make you more curious about the solution.

We use the following two basic types of questions in the book.

Stop and think questions invite you to slow down and contemplate the current material before
continuing to the next topic. We always provide an answer to the corresponding question
right after it. We strongly encourage you (as the name suggests) to stop and do your best
to answer the question.
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Problems usually require more effort to solve. We use some of them to warm you up and to develop
your curiosity. Such problems are followed by detailed solutions. Some other problems are
left for you as exercises.

Many questions in the book are graded automatically through Coursera. They are marked with:

Try it: Coursera 4, external 7.

Both these links are clickable: the first one opens the corresponding autograded puzzle at Coursera
(this requires an active subscription to the specialization), the second one opens the corresponding
interactive puzzle (and requires no subscription). At the same time, the book is self-contained: if
you are unable to watch the videos and access the interactive puzzles at Coursera, just read the
book and solve the problems on a piece of paper.

Python Programming Language

Why Programming?

Why on earth do we start the book with discussing a programming language? After all, this is a math
(rather than programming) book!

That’s true. But we believe that many pieces of code shown in this book will help you in many
ways:

» They will show you a rich variety of applications of discrete math ideas in various branches

of computer science.

» Code snippets can serve as interactive examples: you may want to tweak the given piece

of code, run it, and see what happens.

« By trying to implement a particular idea, you are forced to understand every single detail

of it.

« It is often easier to reason in terms of specific objects in programming rather than abstract

mathematical concepts.

We have set up everything in a way that will allow you to run the code snippets used in this
book even if you have never tried to write a program before. You don’t even need to install or set up
anything: everything can be run in the cloud, through your Internet browser. At the same time, we
also provide instructions for those who would like to learn the basics of Python while learning
discrete math.

Why Python?

OK, let’s do some programming while learning discrete math. But why Python instead of any other

popular programming language?

Let us convince you that Python is an excellent choice for our purposes.

High-level language. It is particularly easy to start using Python (even if you haven’t pro-
grammed before). The syntax is reader friendly (and close to a natural language). The
code is compact: most of the pieces of code in this book are less than ten lines long!

Interactive mode. It can be used in an interactive mode (also known as REPL 7, for read-eval-
print loop). This allows you to talk to your computer using Python as a language: the
computer then reads your input, evaluates it, and prints the result. This way, you work stuff
out and get instant feedback from the machine.

“Batteries included”. The Python standard library 7 offers a wide range of facilities, and many
external libraries are available as well. In particular, this will allow us to generate a random
sequence, plot a function, and draw a graph in just one line of code!

This (partly) explains why Python is often used for software prototyping, and in such areas

as machine learning, data science, and web development.

Of course, advantages always come at the cost of some disadvantages. The high-levelness of

Python makes it less flexible in performance tuning. This is OK for us, as we will only be using

simple snippets of code where optimizing is not an issue.
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How to Catch Up with Python?

OK, let’s try! Where do I start?

Locally. To install Python on your machine, go to the Get Started 7 section of python.org t7 and
follow the instructions. If you are new to Python, we encourage you to install PyCharm %
to start working with Python: this (free of charge) professional IDE will make the process
of writing and running your code smoother and more efficient.

In the cloud. Alternatively, you may run all our code snippets from your Internet browser, without
installing or configuring anything on your machine. To do this, visit the repository page 7
and click the badge “Open in Colab”. This will show you a list of notebooks that can be run
in an interactive mode right in your browser (together with links to a tutorial on notebooks).
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(1. Proofs: Convincing Arguments

Why are some arguments convincing while others are not? What makes an argument convincing?
How can you establish your argument in such a way that no room for doubt is left? How can
mathematical thinking help us deal with this? In this chapter, we will start by digging into these
questions. Our goal here is to learn by examples how to understand proofs, how to discover them
on your own, how to explain them, and — last but not least — how to enjoy them: we will see how
a small remark or a simple observation can turn a seemingly non-trivial question into one with
an obvious answer.

Warm Up

Why Proofs?

Proofs are absolutely necessary in mathematics, computer science, programming, and many other
areas. Once you have an algorithm for a problem, you need to prove that it is correct. “The program
works for me, what else do I need?” is not an approach that would scale well. A library function
may run billions of times while being used by thousands of diverse programs. If it returns a single
wrong result, say, once in every million calls, it could be disastrous. Think of an air traffic controller.
If in their entire career they receive information with just one wrong value, just one time, hundreds
of people could perish.! This is why mathematical proofs must be rigorously demonstrated to
provide correct conclusions.

That is why throughout the whole book we will be focusing on formal proofs. Here, “formal”
does not mean “long” or “unclear”! We will encounter many short and elegant proofs that are
formal and convincing. Using our carefully designed interactive puzzles, we will try to push you
softly to discover some of the proofs on your own. Nothing compares to the sense of happiness
and self-satisfaction of an “Aha!” moment when you find a solution to a mathematical problem!

IFor some specific examples, Google for “Bugs in the Space Program”, “Therac-25”, and “Toyota unintended accelera-
tion”.
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1.1.2 Tiling a Chessboard

Problem 1 Can a chessboard be tiled by domino tiles? Here, a chessboard is an 8§ x 8 square
divided into 64 squares 1 x 1 (see Figure 1.1), a domino tile is a 1 x 2 (or 2 x 1) rectangle, and
by saying “tiled” we mean that there are no overlaps or empty spaces. Try it (question 1):
Coursera 7, external (7.

Figure 1.1: An 8 x 8 chessboard. Can it be tiled with domino tiles?

Yes, there are many such tilings. Two of them are shown in Figure 1.2.

LT

Figure 1.2: Two examples of tiling a chessboard.

I Stop and Think! Do we need both these examples to solve Problem 1, or is one enough?

In fact, one example is enough: any such example shows that it is possible to tile a chessboard.

Problem 2 Now consider the chessboard without one of the corners, see Figure 1.3. Can we tile
it with domino tiles? Try it (question 2): Coursera (7, external (7.

Figure 1.3: A chessboard without a corner. Can it be tiled with domino tiles?

Let’s try. For example, let us use horizontal tiles, starting from the top row. Everything goes
OK until we come to the bottom row, see Figure 1.4. This last row is problematic. We can put three
tiles, but one cell is left uncovered.
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Figure 1.4: An unsuccessful attempt to tile a chessboard without a corner.

Figure 1.5: An unsuccessful attempt at a spiral tiling of a chessboard without a corner.

Stop and Think! Can we say now that Problem 2 is solved and we proved that the required tiling
does not exist?

No, we cannot: one attempt to tile the board was unsuccessful. But this does not mean that the
task is impossible. We are not limited to using horizontal tiles only; we can try doing something
more sophisticated. Let us try a spiral, see Figure 1.5.

Stop and Think! Can we say now that Problem 2 is solved and we have proven that the required
tiling does not exist?

Of course not: we tried twice, but there are many more ways to try. What if some of them are
successful? For a smaller board we may try all possibilities. Say we invent a systematic way to
enumerate them, making sure that no possible tiling has been missed. However, here the space of
possibilities is rather large.

I Stop and Think! Can you find a tiling or some general reason why we will always fail?
More specifically:

Stop and Think! Imagine there is a tiling of an 8 x 8 chessboard without a corner, by 1 x 2 tiles.
How many tiles are in this tiling?

The full board contains 8 x 8 = 64 cells, so without a corner we have 64 — 1 = 63 cells. Each domino
tile consists of two cells, so the answer is 63/2 = 31.5 tiles.

Stop and Think! The answer 31.5 is absurd: the number of tiles should be an integer. How is this
even possible?

Recall the assumption we started with: “Imagine there is a tiling...”. If there was a tiling of 63-cell
board with domino tiles, it would use 63/2 = 31.5 tiles. This, of course, is impossible — therefore,
such a tiling does not exist. Thus, we get the proof we were looking for.
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Problem 3 Consider an 8 x 8 chessboard without two adjacent corners, see Figure 1.6. Can it
be tiled by domino tiles? Try it (question 3): Coursera (7.

Figure 1.6: A chessboard without two adjacent corners. Can you tile it with domino tiles?

We already know that one should find the number of tiles needed: we have 8 x 8 —2 = 62 cells,
so we need 62/2 = 31 tiles. We got an integer number, so we do not run into a problem and the
tiling exists.

I Stop and Think! Do you agree with this reasoning?

If you do, you are too fast. The argument shows only that if a tiling existed, it would consist of
31 tiles. But it does not show that a tiling exists. Informally speaking, we see only that some
specific obstacle (non-integer number of tiles) does not prevent the existence of a tiling, but there
may be other obstacles.

I Stop and Think! Give a correct proof of the existence of a tiling for the board without two adjacent
corners.

Here it is, see Figure 1.7.

L1 1 1

Figure 1.7: A tiling of a chessboard without two corners.

After training with these simple examples, we can tackle a more difficult question.

Problem 4 Consider an 8 x 8 chessboard without two opposite corners, see Figure 1.8. Can it be
tiled by domino tiles? Try it (question 4): Coursera (7.

Figure 1.8: A chessboard without two opposite corners.

Again, the board contains 8 x 8 —2 = 62 cells, so 62/2 = 31 tiles would be needed. This is
an integer number. But we already know that it does not mean that a tiling exists. Mathematicians
would say that the even number of cells is a necessary condition for the existence of a tiling, but
we do not know whether it is a sufficient condition.
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I Stop and Think! Can you complete the existence proof by constructing some tiling?

Let’s try. One such attempt is shown in Figure 1.9. As you see, this attempt was not successful:
two cells are not covered.

Figure 1.9: An unsuccessful attempt to tile a chessboard without two opposite corners.

The situation does not look hopeless: two cells are not covered, and the only problem is that
they are not neighbors, so we cannot cover both by one tile. But maybe one can move some tiles to
make the non-covered cells neighboring? Or maybe we can just start anew and have better luck?
Let us try, see Figure 1.10. Now the empty cells are in the same column, but they are not neighbors.

Figure 1.10: Another unsuccessful attempt to tile a board without two opposite corners.

If you play a bit more with this puzzle 7 (level 3), you will see that this is more than just bad
luck: every time at least two uncovered cells remain. But why?

I Stop and Think! How can we prove that such a tiling is not possible?

Here a new tool is needed. If you are a chess player or have seen a real chessboard, you may
have noticed that our drawings ignore one important feature of a chessboard. It has cells of two
colors, usually black and white. In our color scheme, we will distinguish light and dark cells, see
Figure 1.11.

Figure 1.11: Chessboard coloring.
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I Stop and Think! How many dark and how many light cells are there on the chessboard?

Each row contains 4 light and 4 dark cells, so in total we have 8 x 4 = 32 light and 32 dark cells.

Thus, we have the same number of light and dark cells. Could we see this without counting
them? One could show that the number of chairs in a room is equal to the number of people in it by
asking everyone to sit down: if each person is seated and no chairs are empty, these two numbers
are equal. (Unless somebody sits on two chairs or some chair is shared.)

Stop and Think! Can you prove in a similar way that the number of dark cells is the same as the
number of light cells, by pairing them into light-dark pairs?

Any tiling of a chessboard will work: looking at the chessboard, we see that neighboring cells are
always of different colors, hence every tile is a dark-light pair (Figure 1.12).

Figure 1.12: Pairing proves that the number of light cells is the same as the number of dark cells.

After this digression let us return to our board without opposite corners (Figure 1.13).

Figure 1.13: Looking again at the board without opposite corners.

I Stop and Think! How many dark and how many light cells are on this board?

We do not need to count them again: two corner cells that are deleted are both dark. Thus, we
have 30 dark cells and 32 light cells.

I Stop and Think! Do you see why this board cannot be tiled by dominos?

Imagine that a tiling existed. It would use 62/2 = 31 tiles. Each tile covers one dark cell and
one light cell. So in total all tiles would cover 31 dark cells and 31 light cells. And — aha! — our
board has 30 dark and 32 light cells. This mismatch shows that tiling it is impossible.

Let us repeat the argument in a slightly different way. If a board can be tiled, then the numbers
of dark and light cells are the same (=the number of tiles), because each tile covers one dark and
one light cell. Hence, if these two numbers (dark and light cells) are different, no tiling is possible.

In a more concise exposition, this argument could be compressed into one paragraph.
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Theorem 1.1.1 An 8 x 8 chessboard without two opposite corners cannot be tiled by 1 x 2 dominoes.

Proof. Consider the standard coloring of the chessboard with two colors (dark and light) where
neighboring cells have opposite colors. It is easy to see that
« each tile contains one dark cell and one light cell;
« the board has 32 cells of one color and 30 cells of the other color (two deleted corners have
the same color).
The first observation implies that any tileable region has the same number of dark and light cells,
and then the second observation shows that our board is not tileable. |

Stop and Think! We have seen a partial tiling of the board without two opposite corners where
two cells remain uncovered. What are the colors of these cells? (Try to give an answer without
looking at the picture of the tiling.)

We do not need to know the specific tiling: if we have 32 light and 30 dark cells, and the tiling
pairs every light and dark cell with two remaining unpaired, they must be light colored cells.

We have seen that a chessboard with one deleted cell is not tileable for trivial reasons (the
number of cells is not even). For two deleted cells we had two examples. The first one, without two
neighboring corners, was tileable; the other one, without opposite corners, was not.

Stop and Think!  Why can’t the argument that we use to prove the non-tileability in the second
case be applied to the first case? What is the difference?

Let us formulate this question in a more specific way. Consider a chessboard without two cells.
We know that sometimes the rest is tileable (example: two adjacent corners) and sometimes it is
not (example: two opposite corners). Try it (questions 5 and 6): Coursera 7.

Stop and Think! Can you state a general rule that distinguishes between tileable and untileable
boards without two cells?

The following problem provides an answer to this question.

Problem 5 Prove that a chessboard without two cells can be tiled by domino tiles if and only if
the deleted cells are of opposite colors.

The statement includes a strange expression “if and only if” (also known as “iff”). This mathe-
matical jargon means that we have to prove two things:
« if we delete two cells of the opposite colors, then the rest is tileable (“if” part);
« if the board without two cells is tileable, then the deleted cells are of opposite colors (“only
if” part).

Stop and Think! We have shown that any tileable region has the same number of dark and light
cells, so the board without two cells of the same color is not tileable. What did we prove: the
“if” part or the “only if” part?

It remains to prove that the board without one dark and one light cell is always tileable. To
keep the suspense, we will not give the solution of this problem. Here is a diagram to think about,
Figure 1.14. If you are old enough (some of the authors are), you may remember the computer game
where a growing snake moves along itself eating food items placed in certain cells and increasing
its length. In terms of this game, this picture shows a snake that has reached maximal possible
length (includes all cells) so its head can be glued to its tail.
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Figure 1.14: This “circular snake” helps us to prove that the board without two cells of opposite
colors is tileable. Do you see how? For starters, tile the entire board by cutting the snake into
domino tiles. What happens if you delete two cells from the snake?

Problem 6 We want to cover the figure shown in Figure 1.15 by 1 x 2 domino tiles. Is it possible
(a) if we cover the highlighted cell by a horizontal tile? (b) if we cover the highlighted cell
by a vertical tile? Try it (questions 1 and 2): Coursera (7.

Figure 1.15: Board for Problem 6.

Now consider a 5 x 5 board divided into 25 cells 1 x 1 (Figure 1.16). It is not possible to tile it

Figure 1.16: A 5 x 5 board (Problem 7).

by 1 x 2 tiles. (Why? Since the number of tiles needed for that, i.e., 25/2 = 12.5, is not an integer.)
However, if we delete one cell, there may be a chance to cover the remaining 24 cells by 12 tiles.
For example, if you delete the left upper corner, you can tile the rest using vertical tiles in the first
column and horizontal tiles elsewhere. Let us call a cell good if the rest (5 x 5 board without this
cell) can be tiled by dominoes.

Problem 7 Which of the cells are good? How many good cells are there? Try it (question 3):
Coursera 3.

Problem 8 Can we tile an 8 x 8 board by 1 x 3 tiles? (They can be placed both horizontally and
vertically.) Can we tile 8 x 8 board without one corner by 1 x 3 tiles?
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I Problem 9 Can we tile a 10 x 10 board by 2 x 2 tiles? Can we tile this board by 1 x 4 tiles (that
can be placed horizontally or vertically)?

Dark and light cells strike back. We have a full characterization of the tileability of a chessboard
without two cells: if they are of the same color, then there is no tiling; otherwise, the tiling exists.
But what if the board is missing more than two cells? Specifically, do you see a way to implement
a program that is given a subset of the cells of the board (i.e., for each cell it is indicated whether
it is present or not) and quickly checks whether this region is tileable? We’ll learn how to do this
later in the book, when we study matchings in graphs! Interestingly, the solution will be based
on dark and light cells again. (Technically, one should look for a maximal matching between
dark and light cells in the bipartite neighborhood graph; we will explain what all these words
mean.)

Existence Proofs

In this section, we study existence proofs, i.e., proofs of existential statements. For example,
There exists an object that satisfies a particular property.

To prove this statement, we can provide an example of such an object: this is called a constructive
proof.

There is another way to prove an existential statement: we can prove that such an object exists
without providing an example of the object! This sounds counterintuitive, doesn’t it? These are
known as non-constructive proofs, and we will see them in Section 1.2.4. For now, we will work with
constructive proofs.

One Example Is Enough
We have seen constructive proofs of existential statements in the previous section.

Stop and Think! In the previous section, we proved statements of two types: (a) some region can
be tiled by dominoes, and (b) some region cannot be tiled. Which type consists of existential
statements: (a) or (b)?

The existence of a tiling is (by definition) an existential statement. We proved it by showing
an example of the required tiling. As we have said, one example is enough. This already constitutes
a formal proof of existence. One does not need to explain how this example was found, though
this may be an interesting and non-trivial question (discussed later in Section 2.1).

Problem 10 Is it possible to cut the figure shown in Figure 1.17 into two congruent pieces, i.e.,
into two pieces of the same shape and size? (In other words, does there exist a way to cut the
figure into two congruent pieces?)

Figure 1.17: Can you cut this figure into two congruent pieces?

For this problem, a solution is not difficult to find, see Figure 1.18.
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Figure 1.18: A solution to Problem 10.

I Stop and Think! What if we want to cut the same figure into three congruent pieces?

This is even easier since the figure consists of three squares. To make things more challenging,
what if we pose the same question with four pieces?

Problem 11 Prove that the same figure can be cut into four congruent pieces. (Equivalently,
prove that there exists a way to cut the figure into four congruent pieces.)

The hint is that the small pieces could be of the same shape as the figure itself. The construction
is given in Figure 1.19. Note that this example alone is enough to solve the problem. It provides a
complete proof, and we do not need to add anything else.

Figure 1.19: A solution to Problem 11.

Let’s consider a somewhat more advanced problem of a similar flavor.

Problem 12 Prove that the octagon shown in Figure 1.20 can be cut into two congruent pieces
(an octagon is a polygon with eight sides). Try it (question 2): Coursera 7.

Figure 1.20: Can you cut this octagon into two congruent pieces?

This problem might look difficult at first, but there is again a simple solution. We can actually
cut this figure along grid lines, see Figure 1.21. (To see that two pieces are the same, just move the
left piece two cells to the right.)

Figure 1.21: A solution to Problem 12.

How curious! There is another solution to this puzzle, see Figure 1.22.
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Figure 1.22: Another solution to Problem 12.

| Problem 13 Prove that this figure can be cut into three congruent pieces.

In this problem, we do not require the cuts to go along the grid lines. This allows us to solve
the problem by extending the previous solution a bit; see Figure 1.23.

Figure 1.23: A solution to Problem 13.

If we required the cuts in this solution to go along the grid lines, our task would be impossible.
I Stop and Think! Do you see why?

The reason is that the figure consists of 20 cells, and 20 is not divisible by 3.
We conclude with a more challenging problem of the same type.

I Problem 14 Prove that it is possible to cut the figure from Figure 1.24 into two congruent pieces.

Figure 1.24: Can you cut this figure into two congruent pieces?

Finding a solution to this problem is difficult, so don’t spend too much time on it. Knowing
that a solution exists but not knowing what it is can be frustrating. For this reason, we provide
a solution in Section 7.1.

Let us illustrate the “one example is enough” principle physically rather than mathematically.
Imagine that you have three sticks and a length of string. Tie the string around the three sticks
so that they form a free-standing structure in which the sticks do not touch. Could you make
a free-standing structure with these restrictions? Put another way, does such a structure exist? It
may surprise you, but the answer is yes! Again, to prove this existential statement, we only have
to provide a single working example. See the video in our course (7 or this Wikipedia page 7.
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Existential Statements in Number Theory

Recall that an integer a is divisible by a positive integer b if k = a/b is an integer. In other words,
a is divisible by b if there exists an integer k such that a = kb.

In Python, to check whether « is divisible by b, one checks whether the remainder of a when
divided by b is equal to zero. The remainder is found using the modulo operator — %. The following
snippet shows that 237 is divisible by 3 and is not divisible by 7.

print(237 % 3)
print(237 % 7)

0
6

I Stop and Think! Is 123123123 divisible by 123?

Yes, it is: 123123123 = 123-1001001, so we may take k = 1001001 in the definition above. The
quotient k can easily be found with a computer program (or just a calculator). You may also get
the answer without any tools (even without pencil or paper) if you think about the long division
procedure. (Be careful: a common error is to get k = 111.)

| Problem 15 Is there a positive integer that is divisible by 13 and ends with 15?

To prove that such a number exists, it is enough to give a single example. One such example is 715:
it ends with 15 and it is divisible by 13 (715 = 13 - 55). This already proves existence, and we don’t
even need to explain how we found this integer. Still, the following three lines of code help to find
all such integers in the range [0,9999].

for n in range(10 ** 4):
if n % 13 == 0 and n % 100 == 15:
print(n)

715

2015
3315
4615
5915
7215
8515
9815

This program checks all numbers in the range(10 ** 4). Here, 10 ** 4 stands for 10* = 10000.
In Python, range(N), where N is a non-negative integer, is a list’ (sequence) of N numbers
0,1,2,...,N—1. The for-loop goes over all of them in this order; the if operator checks whether
they have the required properties. The last two digits of an integer n can be computed as n % 100.
In general, n %m denotes the remainder when dividing n by m.3

2Technically speaking, in version 3 of Python range(N) is no longer a list, but a so-called generator, but for us the
difference is not so important.

3Imagine we have n identical books on the table and pack them into boxes that contain m books each. Then n% m books
remain unpacked.
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I Problem 16 Is there an integer that is divisible by 15 and ends with 13?

In this case, a similar program will produce no output. This does not prove that there is no such
integer, since the program checks only the positive integers below 10*. However, no such integer
exists: it would have to be divisible by 5 (since it is divisible by 15), but all integers divisible by 5
end with either 0 or 5.

Problem 17 Find a two-digit (positive) integer that becomes 7 times smaller when its first
I (=leftmost) digit is removed.

Let’s try. Consider all two-digit integers that are divisible by 7:
14,21, 28, 35,42, 49, 56, 63, 70, 77, 84, 91, 98.

We know that dividing the required integer by 7 should result in a single single-digit integer. This
allows us to rule out all numbers starting from 70 from the list. We can then check manually that
out of the remaining numbers the only one satisfying the required property is 35.

The argument above is simple, but still some reasoning is needed. One could use a brute force
search instead.

for n in range(10, 100):
if n == 7 * int(str(m)[1:]):
print(n)

35

This code goes through all integers in the range [10,99]. In general, range(a, b), where a andb
are integers satisfying a < b, denotes a list that contains a,a+1,...,b-1 (and so is empty if a = b).
To remove the first digit of a number, we convert it to a string (by calling the str() function),
then use slicing ([[1: ]) to remove the first symbol of the resulting string, and finally convert the
resulting string back to an integer.

The expression int(str(n)[1:7]) removes the first digit from any positive integer. However,
if n is a two-digit number, then removing its first digit is the same as leaving its last digit which can
be achieved simplybyn % 10.

for n in range(10, 100):
ifn==7%( % 10):
print(n)

35
| Problem 18 Find an integer that becomes 57 times smaller when its first digit is removed.

Solving this problem on a piece of paper is not easy either, but it is possible to adjust our code
above (try it!) and get 7125. Indeed, 7125 = 57 - 125 (check that this is correct!). Note that you
don’t need to include the program in the solution: an example is enough. Questions about why
and how this number was picked are irrelevant, since this example already answers the question.
On the other hand, checking that 7125 = 57-125 is a part of the solution (even if this part is left to
the reader, as we did above).

I Stop and Think! Do you see a way to find this example by hand?

Here is one possible line of reasoning. Let ¢ be the first digit of the unknown number x, let z be the
number x without the first digit, and let k£ be the number of digits in z.

X =
—k—

Then,
x=¢c00...00+z=c-10+7.

k zeros
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Since x should become 57 times smaller when its first digit is removed,
¢ 10k +z="57-z.
By moving z to the right-hand side, we get

c-10F=56-7. (1.1)

Stop and Think! Can you find the value of ¢ by looking at this equation? Recall that c is the
first digit, i.e., an integer between 1 and 9.
Note that the right-hand side of (1.1) is divisible by 7. The only case* in which the left-hand
side is also divisible by 7 is ¢ = 7. Plugging this into (1.1), we simplify it to

10F = 8z.

Again, this means that 10* should be divisible by 8. Hence & is certainly greater than 2 as both
10 = 10! and 100 = 10? are not divisible by 8. However, 8 divides 103: in this case, z = 125. This
leads us to the final answer: x = 7125.

Stop and Think! Are there other examples of a number that becomes 57 times smaller when its
first digit is removed?

Note that 10* is divisible by 8 for any k > 3: indeed, if k > 3, then 10 is divisible by 10°. E.g., for
k=4, we get z= 1250 and x = 71250 = 57 - 1250. This way, we get an infinite family of solutions
(for all integers k > 3). All these solutions are obtained simply by padding our first solution 7125
by zeros.

I Problem 19 Are there other examples besides the solutions we have found for all k£ > 3?
I Problem 20 Is there an integer that becomes 37 times smaller when its first digit is removed?
| Problem 21 Is there an integer that becomes 58 times smaller when its first digit is removed?

I Problem 22 Are there positive integers a,b, ¢ such that a® + b*> = ¢3? Are there positive integers
a,b,c,d such that a* +b* + ¢* = d*?

We will discuss the answer to the last problem later in the book!

In some cases, nobody knows whether a simple existential statement is true or false. For
example, nobody knows whether a positive odd perfect integer N exists. Here “odd” means that
N is not divisible by 2, and “perfect” means that N is equal to the sum of all its positive divisors,
including 1 but excluding N itself (e.g., N = 28 is perfect since 1 +2+4+7+ 14 = 28, but 28 is not
odd).

Proofs of Non-existence

A witness can certify that you made a payment to Mr. X or visited Moscow. But it would be much
more difficult to prove that you did not pay Mr. X or that you have never been to Moscow. The
situation with an existential statement is similar: to prove it, one example of an object with
the required property is enough. But you cannot disprove it by providing an example or several
examples of objects that do not have the required property; some general reasoning is needed
to show that objects with the required property do not exist. We have already seen this kind

4Here we are cheating a bit: this is not that easy to see. To prove this, one needs some tools from basic number theory
that we will discuss later. The left-hand side of (1.1) can be factored as c-2*- 5%, and this product is divisible by a prime
number 7, so one of the factors should be divisible by 7. The only possibility is ¢ = 7. But even if we know nothing about
prime numbers and factorization, it would be a natural idea to try ¢ = 7; recall that we do not need to explain how the
example is found.
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of reasoning when proving that some regions are not tileable. In this section, we’ll give more
examples of this type. (We will give rigorous mathematical notation for existential and universal
statements, and for their negations, in Section 4.2.)

Imagine that you go for a hike with a friend and want to split the weight evenly, that is, to split
the items you take into two groups of the same weight. Try it: Coursera 7.

Stop and Think! Suppose we have three items with weights 1, 2, and 3. Can we split them into
two groups of the same weight?
This question is almost trivial:
1+2=3

gives an appropriate split (1 and 2 go in one group, 3 goes in the other one).
Instead of splitting, we could use plus and minus signs to produce a sum of zero:

+14+2+£3=0.

The weights with plus and minus signs form two groups of equal weights. Our example can
be represented now as

+142-3=00r —1-2+3=0.
Now, let’s consider a more interesting example.

Stop and Think! Can we split the weights 1, 2, 3, 4, 5, and 7 into two groups of equal weights?
(Reformulation: choose signs in +1+2+3+4+5+7 to get 0.)

I Stop and Think! If we split these weights evenly, what is the weight in each group?
This is easy: the total weight is
14+243+4+5+7=22,

and if we have two equal parts, each one is 11. Hence, we can reformulate the problem as follows:
form a group of weight 11. Note that it is enough to find one such group: the rest will automatically
have the same weight 11.

I Stop and Think! Do you see such a group?

Indeed it is easy to find one:
447=11.

As we observed, all the remaining weights sum up to the same number:
1+24+345=11.

Thus, the problem is solved.
There is no guarantee that an even splitting is always possible. Let us, for example, replace 7
with 6 (one item is now lighter):
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I Stop and Think! Can we split the weights 1, 2, 3, 4, 5, and 6 into two groups of equal weights?

Let us try the same approach and compute the total weight. Now it is one unit smaller: 21,
and each part should have weight 21/2 = 11.5. This cannot happen since all weights are integers.
This means that the desired splitting does not exist (the corresponding existential statement is
provably false, as a mathematician would say).

I Stop and Think! Can we split the weights 2, 4, 6, 8, 10, and 12 into two groups of equal weights?

This is also impossible. Do you see why? It is essentially the same problem as the previous one,
but we have multiplied all the weights by 2.

Alternatively, we can say that the total weight is 42, so if we split the weight into two equal
parts, the weight of each part is 21. But all weights are even, so it is impossible to obtain the odd
(not divisible by 2) sum of weights.

I Stop and Think! Can we split the weights 1, 2, 3, 4, 5, and 17 into two groups of equal weights?
The sum of weights is now
142434+4+5+17=32,

so each part (if a splitting exists) has weight 32/2 = 16, and this is an integer. Still, the splitting is
impossible.

I Stop and Think! Do you see why?

The obstacle is easy to see: each part should have weight 16, and one of the items is too heavy
(weight 17) for that. We see that the splitting is also impossible, but the obstacle is of a different

type.

It would be nice if our list of obstacles was complete. If so, we would be able to check whether the
splitting exists by checking whether it is prevented by one of the known obstacles. However, this
problem is not nearly so simple. For this problem, no one knows the complete list of obstacles
and no one knows a quick way to tell (for a given set of weights) whether the splitting exists.

This problem belongs to the class of so-called NP-complete problems. Roughly speaking, this
means that no efficient solution is currently known. More precisely, the situation is as follows.
We do not know a way to solve this problem (and other NP-complete problems) efficiently, but
we also do not know a proof that this is impossible. This question is known as “the P vs. NP
problem,” and it is one of the most famous and important unsolved mathematical problems
(with a $1M prize from Clay Mathematics Institute).

You see that our simple weight-splitting problem is very close to the current boundary of
computer science knowledge. Or, it might be better to say that the boundary is very close to it.
No current approach works for ten thousand weights that are 64-bit integers (which is not usually
a large input for a computer). An exhaustive search in the space of all splittings is not feasible,
and no significantly better approaches are known.

Non-constructive Proofs

Can we prove the existence of an object with some property without giving an example? This
sounds counterintuitive, but sometimes it is possible.
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Stop and Think! There exists an integer n such that
2"+3"<10" and 2"t 43" > 10",
Do you see why?

For small n (say, for n = 1), the first inequality is true. On the other hand, for large n, the
second one is true. Consider, for example, n = 4000. For this n, the first term alone is large enough:
2+l > 24000 — 161000 > 101000 Byt we need to find n such that both inequalities are true at the same
time. We need to find n such that 2" +3" < 10'%%° but increasing n by 1 reverses the inequality.

I Stop and Think! Do you see why there exists an n with this property?

Intuitively, if we were inside and now are outside, we had to cross the boundary at some point.
Let us increase n (going from 1 to 4000) and just stop before 2" + 3" becomes greater than 10'9%,
This will give us the required value of n. This finishes the proof, but we can also find the value of n
as follows.

for n in range(4000):
if 2 ** n + 3 ¥* n > 10 ** 1000:
print(n - 1)
break

2095

Another classical example deals with irrational numbers. Recall that a real number x is called
rational if it can be represented as , where a and b are integers with b # 0. Otherwise, it is called
irrational. For example, v/2 is irrational. Indeed, assume that v/2 = & for some integers a,b. Then,

2= Z—i, and hence 25 = 4>. We may assume that at least one of « and 4 is odd (if both are even,
keep canceling the factor 2 until one becomes odd). If a is odd, then «? is odd and cannot be equal
to 2. Therefore, a is even and b is odd (due to our assumption). But this is also impossible: if
a = 2k, then 2b% = a2 = 4k2, so b? = 2k?, but b* should be odd for odd ». The contradiction shows

that /2 is irrational.
I Problem 23 Prove that there exist two irrational numbers x and y such that x” is rational.

To prove this, consider x = y = v/2. If »” is rational, then we are done. Otherwise, x’ = (ﬂ)ﬁ
is irrational. But then, raising it to the v/2 power gives a rational number:

((v2)2) " = (v)2va — (vap 2.

Note that we again proved that there exist x and y satisfying the requirements of Problem 23
without explicitly specifying the values of x and y!

Problem 24 Prove that either sin?(10'°%) > 1/2 or cos?(10'°%) > 1/2. [Hint: check out basic
trigonometric identities or the Pythagorean theorem.]

It is not so easy to determine which of these two inequalities holds. Indeed, the first step in
computing these two values would be to reduce 10'°? radians to the interval [0,2x]. To do this,
one needs to know the value of & with very high precision (about a thousand decimal digits). Still,
we know for sure that one of these values is guaranteed to be at least 1/2, even though we do not
know which one.

The previous two examples are based on the so-called law of excluded middlie that says that,
for any statement, either it is true or its negation is true. For example, for any number x, either
x=>5orx# 5. We do not need to know the value of x to be sure that one of these two statements
is true, and at the same time without knowing the value of x we do not know which of these two
statements is actually true.
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Figure 1.25: There are ten pigeons and nine holes; therefore, there must be a hole having more
than one pigeon. (Source: Wikipedia 7.)

Another useful method for proving existence non-constructively is the pigeonhole principle:
if there are more pigeons than holes, and each pigeon occupies some hole, then two pigeons share
the same hole (see Figure 1.25). As simple as it is, it has many non-trivial applications.

I Problem 25 Prove that there exists a positive integer divisible by 57 that uses only digits 0 and 1.
Consider the numbers 1,11,111,1111,11111,... and divide each of these numbers by 57. We

get a sequence of remainders: 1 mod 57 =1, 11 mod 57 = 11, 111 mod 57 = 54, 1111 mod 57 = 28,

11111 mod 57 = 53 and so on (a mod 57 is the remainder of a when divided by 57). Since this

sequence is infinite and there are only 57 possible remainders modulo 57, at some point we should
see repetitions, i.e.,

111...111 mod57 =111...111 mod 57
—— S——
m digits n digits

for m # n.
I Stop and Think! Do you see how this helps?

If two numbers have the same remainder when divided by 57, then their difference is a multiple
of 57. But the difference has the decimal representation 11...1100...00, so it is the desired example.
(Assuming m > n, we have n zeros at the end and m — n ones before them.)

In fact, one can find a number of the form 111...111 that is divisible by 57; the trailing zeros
are not needed. We will see later in the book that trailing zeros do not help either, since 10 is
coprime with 57 (i.e., the only positive number that divides 10 and 57 is 1).

Problem 26 Using a Python program (if needed), find a number of the form 111...111 that is
divisible by 57.

Problem 27 Asof December 2020, there are 66758 learners enrolled in our Mathematical Thinking
in Computer Science (7 course. Prove that there are 183 of them who share a birthday.

Often a non-constructive proof can be replaced by a constructive one. Sometimes a brute force
search helps; sometimes another argument is needed. For Problem 23, one may note that

(\/5)210g23 _ 210g23 =3

and both v/2 and 2log, 3 are irrational (and 3 is rational).
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Problem 28 We discussed why +/2 is irrational above. Show that 2log, 3 is also irrational. [Hint:
unique factoring is useful here.]

2. . o .
One may ask whether \f2\[ is rational or irrational. The Gelfond—-Schneider theorem 7 guaran-
tees that this number is irrational (and even transcendental, which means that it is not a root of
a non-zero polynomial with integer coefficients).

We end this section with two examples where finding a constructive proof is difficult. Let us
generate 30 seven-digit numbers.

from random import randint, seed
seed(14)

for i in range(39):
print(randint(10 ** 6, 10 ** 7 - 1), end=' ')
if 1 % 6 == 5:
print()

2792285 9843470 5142886 5548558 5291201 5882438
2218459 8545410 6083294 8828556 7655079 7607029
2986415 5421072 4745783 6295863 7006791 5368826
7051040 9661551 3511608 3701978 5619271 3767372
1177927 2173344 3064039 6655032 1466196 2395998

The function randint(a,b) returns a random integer in the range a. . . b. We call it 30 times,
using some additional tricks to produce a nice printout. The second argument end=" " tells the
print function to print a space character (instead of the newline character it prints by default).
Then a call to print () is used to produce a newline character after each group of six numbers. (The
call to seed() initializes the pseudorandom generator. This is done for reproducibility: it ensures
that every time this program is run, the same 30 integers are generated. To get 30 different numbers,
just change the argument of the seed function.)

Problem 29 Prove that there exist two disjoint subsets of this set of 30 integers that have equal
sums. (In other words, we can color some of the elements blue, and color some other elements
red so that the sum of the red numbers is equal to the sum of the blue numbers.)

It looks counterintuitive: the numbers are rather long, and having two equal sums initially
looks like a strange coincidence. Still, the following non-constructive argument proves our claim.
For every subset A of this 30-element set, consider an integer S(A), the sum of all elements in A.
All S(A) are less than 30- 107 (about a third of a billion). On the other hand, we have 23° subsets
(each can be described by a 30-bit string saying which of the numbers are included and which are
not, and there are 2% binary strings of length 30). Now comes the crucial point (the pigeonhole
principle):

since 230 = 1024* > 10° > 30- 107, there exist distinct A and B such that S(A) = S(B).

These A and B may include some common numbers, but these numbers can be deleted and still
S(A) = S(B) (since we delete the same numbers). This is exactly what we claimed. (Note that A and B
are both non-empty: since A # B, at least one of them is non-empty and has positive sum, and
the other has the same sum.) Still, this non-constructive argument does not give any information
about these two subsets.
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Later in the book, we present a simple Python program that finds two such subsets using ILP
solvers.

Our last example is factorization: one can prove using Fermat’s little theorem® that the number

4120234369866595438555313653325759481798
1169984432798284545562643387644556524842
6198098870423161841879261420247188869492
5609317763750334211309823974851509449091
0691026986103186270411488086697056490290
3653658867433731720813104105190864254793
282601391257624033946373269391

(it does not fit in a single line!) is composite, which means that it is a product of two smaller
integers. This is an existential statement (there exists a factorization), but nobody has been able
to find one. (There was even a $70000 reward (7 for doing this.)

Another common (and powerful!) way of proving something non-constructively is called
the probabilistic method. Roughly, its main idea is the following: to prove that an object satisfying
a particular property exists, take a random object and show that there is a non-zero chance that
it satisfies the required property. From this, we conclude that an object satisfying the property
exists. We will see applications of this method later in the book.

Summary

* A chessboard without two cells can be tiled by domino tiles if and only if the deleted cells
are of opposite colors.

« The structure of a proof reflects the structure of the claim.

» One example suffices to prove an existential statement.

» A general argument is required to prove that an existential statement is false.

» Non-constructive proofs show that a certain object exists without giving an example.

5Fermat’s little theorem states that (a” — a) is divisible by p for any integer « and any prime p. We will discuss this
theorem later.



2.1

(2. Finding an Example

How can we know that an object with certain properties exists? In Section 1.2, we saw that it suffices
to give an example of such an object, but finding an example might be a hard problem. One way
to find an example is to go through all objects and check whether at least one of them meets the
requirements. However, in many cases, the search space is enormous. A computer may help, but
reasoning that narrows the search space is important both for computer searches and for work
done “by hand.” In this chapter, we will learn various techniques for showing that an object exists
and that an object is optimal among all objects (say, the smallest or largest object that meets the
requirements).

How to Find an Example

We start our journey with the famous engraving “Melencolia I” by Albrecht Diirer! Note the 4 x 4
square in the upper right corner of the engraving containing all the numbers from 1 to 16 (see
Figure 2.1). If you add the numbers in any row, column, or diagonal, you will find that all the sums
are equal. Such a square is called a “magic square.”

Figure 2.1: Melencolia I by Albrecht Diirer and the magic square in its upper right corner.
(Source: Wikipedia 7.)
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Stop and Think! — Recover Diirer’s engraving. Some parts of Diirer’s engraving are unclear. Can you
use the magic square property to recover the first number in the second row? The first number
in the third row?

We know that the sum in each row is the same, but what is this sum? Since all numbers from 1 to 16
appear in the table once, we know that the sum of all entries in the tableis 1 +2+---+16 = 136.
On the other hand, each row has the same sum, and there are 4 rows in the table. This tells us
that the sum in each row is exactly 34. Hence, the first number in the second row is 5, and the first
number in the third row is 9.

In general, an n x n magic square is a square in which each integer from 1 to n? appears exactly
once, and the sums of the numbers in each row, each column, and both diagonals are the same.
For what values of n do n x n magic squares even exist? From Diirer’s engraving, we know that 4 x 4
magic squares exist. What about n x n magic squares for other values of n?

When n = 1, the problem is trivial. Namely, we have a 1 x 1 table with the number 1 written
in its only cell. Of course, all sums are the same in this table.

I Stop and Think! — 2 x 2 magic squares. Do 2 x 2 magic squares exist?

No, there are no 2 x 2 magic squares! Let us prove this. Consider a 2 x 2 table with numbers
a,b,c,d:

al|b
c|d

To satisfy the magic square requirement, the sums in the first row and in the first column must be
the same: a+b =a+c, i.e., b = ¢, which contradicts our assumption that all numbers in the table
are distinct.

| Problem 30 — 3 x 3 magic squares. Do 3 x 3 magic squares exist? Try it: Coursera 7.

Since there are too many different 3 x 3 tables to check them all, we will first narrow the search
space.

Narrowing the Search Space
We want to find a 3 x 3 magic square. Should we just try all 3 x 3 tables with numbers from 1 to 9?

I Stop and Think! — Number of 3 x 3 tables. How many 3 x 3 tables with all numbers from 1 to 9 are
there?

There are 9 choices for which number will go in the first cell, 8 choices for which number will go
in the second cell, 7 choices for which number will go in the third cell, and so on. This tells us that
the total number of such tablesis 9! =1 x 2 x --- x 9 = 362880. The exclamation point here denotes
the “factorial” of 9, i.e., the product of all integers from 1 to 9. We will discuss this in more detail
and see more examples of such calculations later in the book.

While a computer can handle 362880 cases, there are far too many for us to handle. Let us try
to decrease the number of cases we need to consider. Recall that the sums in each row, column,
and diagonal are the same. Let us denote this sum by S.

Stop and Think! — Sum in each row. What is the value of S—the sum in each row, column, and
diagonal?

The total sum of all entries in the table is 1 +2+---+9 = 45. The sum of the three rows of the table,
i.e., 3S, is also 45. Thus, S = 15. In fact, this simple observation already narrows the search space
considerably.
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Stop and Think! If we know the four numbers in the upper left corner of a magic square (see
Figure 2.2), can we compute all the other numbers in the table?

ay |ay | a3

aq | as | aeg

ar | ag (ag

Figure 2.2: Given the four highlighted entries in the upper left corner of a magic square, we can
compute the values of the remaining entries.

We know that the sum S = 15 in each row, column, and diagonal. Hence, given the numbers
ay,as,aq4,as, we can compute all the remaining numbers a3, aq,a7,as, and ag. Now, we only need
to find the numbers ay,a;,a4, and as.

I Stop and Think! How many choices are there for the values of a;,a;,a4, and as?

Let us count the number of choices: there are 9 choices for a;; then for each value of a;, there are
8 choices for ay; then 7 choices for a4; finally, 6 choices for as. This gives us 9 x 8 x 7 x 6 = 3024
choices. We do not need to consider all 362880 tables anymore, because we have reduced the size
of the search space by a factor of 120: now it suffices to check only 3024 tables. Let us not rush
to check all those tables, but rather try to eliminate more cases.

Problem 31 — Value of the central entry. There is only one possible value of the central element as
in a 3 x 3 magic square. Can you find this value?

Consider the sums of all entries along the four lines shown in Figure 2.3. On the one hand,

ag|az |93

asH{-as+-de

ar | ds | ag

Figure 2.3: Sums of the numbers along the four highlighted lines contain each entry of the table
once, but the central entry a5 four times.

these four sums together should give 4S5 = 60. On the other hand, they include each entry g; once,
but as is counted four times. This gives us:

48 =35+ 3as.

We conclude that a5 = §/3 = 15/3 = 5. Now we know the value of the central entry in every 3 x 3
magic square: it is always 5, and we have only 9 x 8 x 7 = 504 tables remaining!

Now, we will see where one can place the number 1 in the table. Since our table is symmetric,
there are only two possibilities: either 1 is in a corner, or 1 is in the middle of one of the sides.
We consider these two cases.

Case I. 1 is in a corner. For example, let a; = 1; see Figure 2.4.
From 1+ 5+ a9 = 15, we have that ag = 9. Also, a; + a3 = a4 + a7 = 14. Can we find distinct
numbers ay,as,aq,a; from 1 to 9 satisfying this equation? Yes, there are two ways to get the
sum 14: 945 = 84+ 6 = 14. But we have already placed 9 at the bottom right corner. This
means that there is no way to satisfy the magic square requirement in the first column and
the first row simultaneously. We conclude that 1 cannot be placed in a corner.

Case II. 1 is in the middle of a side. For example, a, = 1; see Figure 2.5.
By inspecting the middle column, we see that ag must equal 9. Again, we have that a; +a3 = 14,
and we already know that this implies that one of these numbers is 8, and the other one is 6.
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as | 5 |ae

a7 | ag | ag

Figure 2.4: One is placed in a corner: a; = 1. In this case, ag = 9, and it is impossible to simultane-
ously satisfy a; + a3 = a4 +a7 = 14.

a1 |as
as | 5 |ae
ar|as|as

Figure 2.5: One is placed in the middle of a row: a; = 1.

Since a; and a3 are symmetric so far, without loss of generality we can assume that a; = 8
and a3 = 6 (see Figure 2.6).

81116
as | 5 |ae
ar |9 [ag

Figure 2.6: One is placed in the middle of a row: a, = 1. We can compute the values of a;,as,as.

Actually, we already have enough information about this magic square to uniquely identify all

the remaining numbers in the table. From one of the diagonals, we have that 8 +5+ag = 15,

S0 ag = 2. Similarly, a; = 4. Then a4 = 3 and ag = 7 (see Figure 2.7).
It only remains to verify that we have used each number exactly once and that all rows, columns,
and diagonals sum to 15. This concludes our proof of the existence of 3 x 3 magic squares. Note
that we reduced the number of cases we needed to consider from 362880 to two!

We have proved that there exist 3 x 3 magic squares. Actually, it is possible to show that for

every n > 2, there is at least one magic square of size n x n. Below, we will see other techniques
that often come in handy when trying to find examples.

Using Known Results

We have constructed magic squares, but what can we say about their multiplicative versions? Let us
say that a 3 x 3 table with integers is a multiplicative magic square if the products of the numbers
in each row, column, and diagonal are the same.

Stop and Think! Is there a multiplicative magic square that contains each of the numbers from 1
to 9 exactly once?

No, there are no such squares. Indeed, wherever we place the number 5, some lines will contain 5
and others will not. The products along the former lines will be multiples of 5, while the products
along the latter lines will not be multiples of 5, which contradicts the multiplicative magic square
requirement. (We explain this divisibility issue in much greater detail later in the book.)

Then, let us try to find magic squares with arbitrary integers. Is this easy? Yes, we can just
write the same number in every cell of the table. This finally leads us to an interesting problem.
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811]6
7
41912

Figure 2.7: One is placed in the middle of a row: a, = 1. We can compute all other entries.

I Problem 32 Does there exist a multiplicative 3 x 3 magic square with distinct integers without
the restriction that they must be the numbers 1 through 9?

Should we repeat the search from Section 2.1.1? There we had to use numbers from 1 to 9,
whereas here we do not have such a restriction. Thus, the search space in our current problem
appears to be infinite. As the section title suggests, we should try to use what we have learned
so far. Can we take a 3 x 3 magic square and transform it into a multiplicative magic square? Is
there an operation that turns sums into products? Yes, we can use exponentiation! Namely, pick
your favorite integer ¢ > 1, e.g., ¢ = 2, and notice that for every x,y:

=
Stop and Think! Do you see how to modify the magic square from Figure 2.7 into a multiplicative
magic square?

We can take a magic square from the previous section and replace every number x in it with 2* (see
Figure 2.8). Previously, if three numbers x,y,z formed a line, then x+ y+z = 15. In the new table
with numbers 2*,2”, 2%, their product has the corresponding property:

X . 9Y.9% — pXtytz 215 )

8l11]6 2812126 256| 2 |64

517 2312527 8 [32]128
41912 2412922 16 |512| 4
(@ (®) (©

Figure 2.8: (a) “Additive” magic square from Figure 2.7; (b) The corresponding multiplicative magic
square; (c) The corresponding multiplicative magic square where we have computed the values of
all entries.

This gives us a multiplicative magic square. Indeed, the product in each row, column, and
diagonal is 2!3, and all numbers in the table are distinct integers. Note that we did not need to go
through many cases: we just showed how to use a magic square to build a multiplicative magic
square.
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see a way to build a multiplicative magic square with distinct positive integers whose largest

I Problem 33 The largest number in our multiplicative magic square (Figure 2.8) is 512. Do you
number is less than 300?

Notice that all numbers in Figure 2.8 are even, so we can divide all numbers in the table by 2
while preserving the multiplicative magic property (see Figure 2.9). (In other words, we can use
the numbers from 2° to 28 instead of 2! to0 2°.)

128 1 |32
4 116|64
8 256 2

Figure 2.9: Another multiplicative magic square.

There is a construction of a multiplicative magic square in which all numbers are smaller
than 40. We start with two distinct “additive” magic squares with very small but not necessarily
distinct entries (Figure 2.10 (a) and (c)). We transform one of them into a multiplicative magic
square (whose entries are not necessarily distinct) by raising ¢ = 2 to the corresponding powers
(Figure 2.10 (b)). Similarly, we transform the other one by raising ¢ = 3 to the corresponding
powers (Figure 2.10 (d)). In Figure 2.10 (b) and (d), we have two multiplicative magic squares with
very small entries, but alas, the entries are not distinct. How can we combine two multiplicative
magic squares into a new one? We can take two squares and multiply entries located in the same
positions to get another multiplicative square. It is easy to verify that the final multiplicative
magic square (Figure 2.10 (e)) has 9 distinct numbers, each of which is less than 40. Here it is
important that even though each of the squares in (a) and (c) has some duplicate values, the
duplicates do not occur in the same locations in both (a) and (c).

1{2]60 21411 0211 1{9]3 2136|3
112 11214 21110 91311 91614
011 41112 1{0]2 3(11]9 121 |18

(a) (b) © (d (e)

Figure 2.10: (a) An “additive” magic square with repetitions; (b) a multiplicative magic square with
repetitions, constructed by raising ¢ = 2 to the powers that appear in the additive version from
(a); (c) another “additive” magic square with repetitions; (d) a multiplicative magic square with
repetitions, constructed by raising ¢ = 3 to the powers that appear in the additive version from (c);
(e) the product of (b) and (d) — a multiplicative magic square with small distinct entries.

2.1.3 Identify More Properties

It often helps to identify more properties of an object we are looking for and to use these properties
to narrow the search space.
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I Problem 34 Does there exist a six-digit integer that starts with 100 and is a multiple of 9127?

We are looking for a number that starts with 100, has three more digits (from 000 to 999), and
is divisible by 9127. This gives us 1000 candidate numbers, and we can simply check whether one
of them is a multiple of 9127. A computer can easily do this.

for i in range(100000, 101000):
if i % 9127 ==
print(i)

100397

On the other hand, we can find the answer without a computer. Recall that our number must be
a multiple of 9127. This important property significantly reduces the search space: instead of
checking all six-digit numbers starting with 100, let us consider only multiples of 9 127. We want
to find an integer k such that

100000 <9127k < 100999.
For this, we just need to divide both 100000 and 100999 by 9 127:
10.95... <k <11.06....

Thus, we take k = 11, and the answer to the problem is 9 127k = 100397. Our reasoning also shows
that 100397 is the only number satisfying the given requirements.

I Problem 35 Does there exist a three-digit integer that has remainder 1 when divided by
2,3,4,5,6,7?

Again, we can write a simple program that checks all three-digit numbers.

for n in range(100, 1000):
if all(n % m == 1 for m in range(2, 8)):
print(n)

421
841

Instead, we could easily find such numbers by identifying other properties they have. If N has
remainder 1 when divided by 2,3,4,5,6, and 7, what can we say about the number N —1? N — 1 must
be a multiple of 2,3,4,5,6, and 7. That is, N — 1 must be a multiple of the least common multiple of
2,3,4,5,6,and 7, which is 4 x 3 x 5 x 7 = 420. (The least common multiple of a set of numbers is
the smallest positive integer that is divisible by all of them — this is a topic we will cover in great
detail later in the book, in Section 22.2.1.) Thus, N — 1 = 420k for an integer k, and N = 420k + 1.
We do not take k = 0 or k > 2, because we are looking for a three-digit number N. On the other
hand, both k£ = 1 and k = 2 give us examples of the desired object: N =421 and N = 841.

I Problem 36 Does there exist an integer n such that n? starts with 31415?

The search space for this problem is seemingly infinite: there are infinitely many integers. Can we
identify useful properties of n that would simplify the search? We have two cases: the number of
remaining digits is odd or even. We will demonstrate the process for an even number of remaining

digits and let you do the same for the odd case in Problem 37. Assume that »n? starts with 31415
followed by 2k digits:

n? =31415d\d, . . .do .

Let us look at the square of (r/10). Since (n/10)? = n?/100, this number is just > with a decimal
point preceding the last two digits:

(I’l/l())2 = 31415d1d2 .. .d2k72.d2k,1d2k .
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Now instead of dividing n by 10, let us divide it by 10%.
(n/10%2 =31415.d,d, .. .d>y .

This already gives us the first digits of n. Indeed, taking the square root of both sides of the last
equation and using v/31415 = 177.242771... and v/31416 = 177.245592...., we obtain

177.242771 < (n/10%) < 177.245593.

In particular, we can take n/10f = 177.243, i.e., n = 177243 and k = 3. This gives us an example of
such a number, because n? = 31415081 049.

I Problem 37 Can you find an integer » starting with 5 such that »? starts with 31415?

In order to solve this problem, we suggest repeating our solution, this time assuming that n? starts
with 31415 followed by an odd number of digits.

Solve a Smaller Problem

used. Luckily, Alice and Bob have infinitely many coins of each type. Find all integer values ¢

I Problem 38 Alice and Bob live in a country where only coins with values of 7 and 13 florins are
such that Alice can pay Bob c florins.

Let us see an example first. If Alice wants to pay Bob 6 florins, she can give Bob a 13-florin coin,
and get a 7-florin coin back. Thus, if ¢ = 6, Alice can pay Bob c florins.

I Stop and Think! How can we check all values of ¢?

In such cases, a very useful technique is to identify important special cases.

Stop and Think! Is there a value of ¢ such that if Alice can give ¢ florins to Bob, then Alice can
pay Bob any amount of money?

If Alice can pay ¢ = 1 florin, then she can pay any other amount, too! It is not difficult to pay one
florin. We already know that Bob can pay Alice 6 florins. After this, Alice gives one 7-florin coin
to Bob, so in total Alice has paid Bob one florin. If we repeat this procedure ¢ times, then Alice
pays Bob c florins.

By identifying the most important special case (c = 1) and finding an example for this case, we
solve the problem for all values of ¢!

Problem 39 Do both Alice and Bob need both kinds of coins? In other words, can Alice pay Bob
¢ florins if Alice has only 7-florin coins and Bob has only 13-florin coins? Try it: Coursera (7.

Consider another version of this problem.

I Problem 40 Alice and Bob have infinitely many coins with values of 15 and 21 florins. Find all
values ¢ such that Alice can pay Bob c florins.

Can Alice pay Bob ¢ = 1 florin? No matter how many coins with values of 15 and 21 they use, the
amount that Alice pays Bob is always a multiple of three. Indeed, 15 and 21 are multiples of three,
so any combination of these coins is also a multiple of three. This means that if ¢ is not divisible
by 3, then Alice cannot pay c florins.
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I Stop and Think! If ¢ is divisible by 3, can Alice pay c florins?

Again, we do not need to check all such values of c; it is enough to check just one “main” value: if
Alice can pay 3 florins, then she can pay any multiple of 3, too. We need only one example for ¢ = 3:

3=(3x15)—(2x21)

This solves the problem. Alice can pay c florins if and only if c is a multiple of 3. Indeed, if cis a
multiple of 3, then Alice can pay c florins by repeatedly paying 3 florins. On the other hand, Alice
can pay c florins only if ¢ is a multiple of 3 (recall that any combination of 15 and 21 is a multiple
of 3).

Problem 41 We have coupons for 10 free nights at the hotel A, 15 free nights at the hotel B, and
20 free nights at the hotel C. However, there is a restriction: one cannot spend two nights
in a row at the same hotel. Can we use these coupons and stay at the hotels A, B, and C for
10+ 15+ 20 = 45 consecutive nights? Try it (question 1): Coursera 7.

One way to solve this problem is to identify a smaller and simpler sub-problem. Solving it will
lead us to a solution to the original, larger problem. 10, 15, and 20 are multiples of 5, and if we divide
all these numbers by 5, then we get a smaller version of this problem.

Stop and Think! Now we have 2 coupons for A, 3 coupons for B, and 4 coupons for C. Say we find
a solution for this smaller problem, couldn’t we just join five copies of this solution to resolve
our larger, original problem?

Almost: we want the first and the last hotels in our small solution to be different, so that when we
glue them together we do not spend two consecutive nights at the same hotel.

Hence, we only need to find an example of a schedule in which one spends 2, 3, and 4 nights at
the hotels A, B, and C and in which the first and the last hotels are distinct. This small problem
is easy to solve: since C has the greatest number of coupons, let us start there and plan to spend
every other night at C:

.C-C-C-C-
Let us add As and Bs in between:
ACACBCBCB

We have solved the smaller problem, and we can concatenate five copies of this solution to solve
the original problem.

Problem 42 You have coupons for 10 free nights at the hotel A, 15 free nights at the hotel B,
and 30 free nights at the hotel C. However, there is a restriction: you cannot spend two nights
in a row at the same hotel. Can you use these coupons and stay at the hotels A, B, and C for
10+ 15+ 30 = 55 consecutive nights? Try it (question 2): Coursera 7.

Note that even if you spend every other night at the hotel C, you still need to fill 29 gaps between
those nights. We cannot do this because we only have 25 coupons for hotels A and B. Therefore,
it is impossible to use your coupons for 55 consecutive nights. We identified an obstacle and proved
that there is no schedule for 55 nights; thus, there is no use in trying to find an example.



2.2

221

42 Chapter 2. Finding an Example

Summary

 In order to prove that an object exists, it is enough to find one example of such an object.
Check if you see any obstacles to the existence of such objects.

» Try to narrow the search space.

Check whether known results let you simplify the problem.

« Identify more properties of the desired object to narrow the search space.

« Identify smaller problems that can lead to a solution to the original problem.

Try to use these techniques to solve the following problems. Try it: Coursera 7.

I Problem 43 Does there exist a 5-digit integer N such that N? starts with 27182?

Problem 44 You have 25 coupons for the hotel A, and 20 coupons for the hotel B. What is the
I maximum number of coupons for the hotel C that you can use if you are not allowed to spend
two consecutive nights at the same hotel?
Problem 45 There are fewer than 100 books on a shelf. If you pack them into boxes that contain
3 books each, then 2 books remain on the shelf. If you pack them into boxes that contain 4
books each, then 3 books remain on the shelf. Finally, if you pack them into boxes that contain
5 books each, then 4 books remain. How many books are there on the shelf?

this country wants to pay some amount to her neighbor. What is the smallest positive amount

Problem 46 A country uses only coins with values of 12, 20, and 30 florins. A person living in
that can be paid if both the person and her neighbor have infinitely many coins of each type?

Optimality

In optimality problems we aim to find the maximum possible value of some parameter. To solve
such a problem, we should find this optimal value ¢ and prove two claims: (a) ¢ can be achieved
(there is a way to get ¢) and (b) bigger values are impossible (all possible values of the parameter are
less than or equal to ¢). Part (a) is an existential statement (and one example is enough to prove it),
while Part (b) is a universal statement (some argument that covers all cases is needed).

Producing Chocolate

Problem 47 — Producing chocolate. A factory produces milk chocolate ($10 profit per box) and
dark chocolate ($30 profit per box). The daily demands are 500 and 200 boxes for milk and dark
chocolate, respectively. The factory’s maximum capacity is 600 boxes of chocolate per day.
(This means that the factory can produce any combination of milk and dark chocolate boxes,
the only requirement is that the total number of boxes produced is at most 600 per day.) What
is the optimal production plan, that is, what is the maximum profit per day?

Stop and Think! Can the factory work at full capacity and still sell all the chocolate produced?
What would be the best production plan if we had unlimited demand for both types of chocolate?

The total demand for both types is 500+ 200 = 700 boxes per day, and this exceeds the total capacity,
so we can sell all the chocolate assuming we choose the types correctly (say, 450/150 for milk/dark
chocolate). If demand is unlimited, it is more profitable to produce only dark chocolate (30 profit
per box instead of 10), i.e., 600 boxes of dark chocolate (more than allowed by the actual demand).
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If you have some business experience, at this point you would probably laugh and say: what
a stupid problem — of course, one should produce as much of the more profitable dark chocolate
as one can sell, that is, 200 boxes of dark chocolate, and use the rest of the production capacity
(400 boxes per day) for milk chocolate. This would give a daily profit of 200-30+400- 10 =
6000 + 4000 = 10000. Your intuition would be right. Still, we need some simple examples
to work with.

We claim that the maximum profit per day is $10000 and want to prove it. What does it mean
and what should we prove? We need to show two claims:

1. Existential statement: there exists a production plan achieving a profit of $10000.

2. Universal statement: all plans give a profit of at most $10000, so there is no better one.

To show the first claim, it is enough to show a production plan achieving $10000: 400 boxes of
milk chocolate and 200 boxes of dark chocolate per day. It is indeed a valid plan: no more than 500
boxes of milk chocolate, no more than 200 boxes of dark chocolate, and no more than 600 boxes in
total. The resulting profit is

$10 x 400+ $30 x 200 = $10000.

To prove the second claim, we use the following argument that looks strange at first, but is
formally correct. Denote by M and D the number of boxes of milk and dark chocolate produced per
day. From the problem statement, we know that

M < 500, 2.1
D < 200, (2.2)
M+D < 600. (2.3)
The profit is equal to
10M +30D.

Now, let us multiply the inequality (2.2) by 20 and multiply the inequality (2.3) by 10:

200 < 4000,
10M+10D < 6000.

By summing up these two inequalities, we show that the profit per day is always at most $10000:

10M 430D < 10000.

But why on earth did we decide to multiply the second inequality by 20, the third by 10, and
then add them? Note also that we completely disregarded the first inequality. This is a good
question that can be answered in several ways. First, we may use our mathematicians’ right to do
whatever we want as long as the reasoning is correct; we do not need to explain how we came up
with this reasoning. Second, we can say that there is a special theory, called linear programming,
that recommends this course of action. This sounds intimidating, but in fact one can show how
this theory works in our case using Figure 2.11. Do not worry if this is not clear yet: we just
wanted to give an example of optimality proof.
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M =500

600 2

200 —S<< D =200
~~ 10M + 30D = 10000

1

500 600

Figure 2.11: We plot all the restrictions on the pair (M, D); the region of possible production plans
is highlighted. The dashed line indicates the production plans with a profit of $10000 per day. We
see that there is exactly one production plan that achieves this profit. The same would be true even
in the case of unlimited demand for milk chocolate, so only the inequalities 2.2 and 2.3 matter. We
combine them with suitable coefficients to get the dotted line: to have ¢; (M + D)+ c2D = 30D+ 10M,
we use c; = 10 and ¢, = 20.

Summary

A proof that « is optimal consists of two parts:
« there exists a solution achieving the value «;
 no solutions achieve a value better than «.

2.2.2 Maximum Number of Two-digit Integers

Problem 48 — Maximum number of two-digit integers. There are 90 cards with all two-digit numbers
on them:

10,11,12,...,98,99.

A player can select some of these cards. For each card chosen, she gets $1. However, if the
player takes two cards that add up to 100 (say, 23 and 77), then she loses all the money. How
much money can she gain in this game? Try it: Coursera U.

In mathematical language, the problem can be restated as follows: what is the maximum
number of elements in a subset of {10, 11,...,99} that does not contain two numbers x and y
with x+y = 100? An even more formal version is: find

max{|S|: S C{10,...,99}and Vx #y e S, (x+y # 100)}.

Don’t be frightened by the notation: we will learn it later step by step.
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I Stop and Think! Why do we have exactly 90 two-digit numbers?

One could count them by tens: there are ten numbers that start with 1 (i.e., 10,11,12,...,18,19),
ten numbers starting with 2, ..., ten numbers starting with 9. Another way to count: there are
99 numbers from 1 to 99, we delete 9 numbers from 1 to 9, and we get 99 —9 = 90. In general, the
range m...n (for integer m < n) contains n— (m— 1) = n—m+ 1 numbers. (A common mistake here
is to forget the “+1” correction.)

Let us return to the original problem. There are pairs of numbers that sum up to 100, e.g.,
10+ 90 = 100. If the player takes 10, then she cannot take 90, and vice versa. Similarly, 11 and 89
cannot be taken simultaneously. In total, we have 40 such pairs:

(10,90), (11,89), ..., (49,51). (2.4)

I Stop and Think! What two-digit numbers are left without pairs?

The integers 91,92,...,99 do not have pairs. Are there any others? Yes, there is one more number
without a pair, 50. In total, we have ten numbers without pairs:

50,91,92,...,99.

Hence, one definitely cannot take more than 40+ 10 = 50 numbers (one number from each pair,
and all the unpaired numbers).

I Stop and Think! Can you find a solution with exactly 50 numbers?

There are many ways to provide such an example (we are free to choose one of the elements from
each pair). Suppose we select the larger element in each pair. Then we get

50,51, ..., 99.

Let us repeat this argument in a more concise and formal way.

Theorem 2.2.1 The maximum number of two-digit integers such that no two of them sum up to
100 is 50.

Proof. Denote this maximum by M. Below, we show that M > 50 and M < 50. This means that
M = 50.

Existential part. There exists such a set of size 50: 50, 51, ...,99. Indeed, the sum of any two
numbers from this set is greater than 100. This shows that M > 50.

Universal part. On the other hand, any such set must exclude at least one number from each
of the 40 pairs from (2.4). Hence, the size of the set is at most 90 — 40 = 50. This implies that
M < 50. |

Rooks on a Chessboard

A chess rook moves vertically and horizontally; see Figure 2.12. Chess players say that the rook
attacks all cells to which it can move, i.e., all cells on the same vertical or horizontal line.

I Stop and Think! How many cells does a rook attack (not including its own cell)?

Each vertical (or horizontal) line contains 8 cells, so there are 7 attacked cells (in addition to the
rook cell), for a total of 14 cells.
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Figure 2.12: A chess rook moves vertically and horizontally.

Problem 49 What is the maximum number of rooks on a chessboard such that no two rooks
attack each other? Try it: Coursera 7.

To answer this problem, let us reformulate the rules: two rooks attack each other if they are
in the same row (horizontal line) or column (vertical line).

I Stop and Think! Do you see why the number of rooks not attacking each other is at most 8?
The reason is obvious: each of 8 columns may contain at most one rook, so there are at most 8

rooks.

I Stop and Think! In this argument, we talked about columns and did not say anything about rows.
Is that OK?

Yes — it shows that the restriction “no two rooks in one column” is enough to prove that there
are at most 8 rooks.

Stop and Think! Can we say now that the problem is solved and we proved that the maximum
number of rooks not attacking each other is 8?

Not yet, but we are close. It remains to show the first (existential) part of the proof: we need
to provide an example with 8 rooks not attacking each other. There are many ways to do this, see
Figure 2.13.

Figure 2.13: Two ways of placing eight rooks that do not attack each other. (Do we really need
both of them? Of course not, one would be enough.)
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We have seen two possible solutions to the non-attacking rooks problem. There are many others:
can you say how many? Later in the book, we will learn a way to compute this number.

Problem 50 Imagine a “chessboard” with 10 columns and 15 rows. What is the maximum number
of rooks not attacking each other on this board?

Knights on a Chessboard

Consider another chess piece: a knight. It moves two cells in one direction (vertical or horizontal)
and one in the other (perpendicular) direction, see Figure 2.14.

Figure 2.14: A chess knight makes an L-shaped move.

I Stop and Think! What is the maximum number of cells that a knight may attack?

The maximum number is 8 if the knight is far from the border. Some of the moves become
impossible if the knight is close to the border. For example, if we move the knight one cell to the
left, two of the moves become impossible and we get 6 attacked cells.

I Problem 51 List all the possible numbers of cells that a knight may attack.

You have probably guessed what our next question is.

Problem 52 What is the maximum number of knights on a chessboard such that no two of them
attack each other? Try it: Coursera 7.

This is a more difficult problem, and it is instructive to think about it before reading further. But
the crucial observation is again related to the dark and light coloring of the chessboard: a knight
never attacks cells of the same color as the cell it occupies.

Stop and Think! What are the consequences of this observation for our goal (maximum number
of knights)?
Let us reformulate this observation: two knights placed on cells of the same color cannot attack
each other. Therefore — aha! — we can safely fill all light cells (or, if you prefer, all dark cells) with
knights (Figure 2.15).

I Stop and Think! How many knights did we place this way?

The number of knights, that is, the number of light cells, is 32 (half of the total number of cells;
the board contains equal numbers of light and dark cells). We cannot add any more knights, since
every remaining cell (every dark cell) is under attack by one or more knights. Thus, the maximum
number of knights is 32 and the problem is solved.
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Figure 2.15: Each dark cell has a knight.

I Stop and Think! Do you see a mistake in this reasoning?

This mistake is often overlooked by beginners. We proved that we cannot add any knights to
this configuration, and that is correct. But maybe we can start anew and place knights differently,
using both light and dark cells to place more knights — why not? Imagine, for example, that we
have filled the third and sixth columns with knights (Figure 2.16). No more knights can be added —
still, as we have seen, 16 is far from the maximum.

SISISISIS SIS
SIS SIS IS,

Figure 2.16: In this configuration, we have 16 knights and can’t add more since all the cells are
under attack. But this does not mean that 16 is the maximum number of knights on the board.

Similarly, there is no reason to be sure that 32 is the maximum number of knights. We need to
prove that we cannot place more than 32 knights, and we do not have that yet.

Stop and Think! Do you see such a proof? (Recall the problem with integers not summing up
to 100: a similar argument may work, too.)

In Problem 48, we grouped the numbers in pairs in such a way that one cannot take both

numbers from a pair. We can pair the cells similarly. If two cells differ by a knight move, they
cannot both be used (Figure 2.17).

/

Figure 2.17: A pair of cells that can’t be used together.

Thus, if we can group all 64 cells into 32 pairs connected by a knight move, then each pair could
contain only one knight, and therefore the number of knights is at most 32.
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I Stop and Think! Can you construct such a pairing?
We can start with a smaller board of size 2 x 4 (boards smaller than this do not work).

Stop and Think! Do you see how to group the 8 cells of a 2 x 4 board into 4 pairs so that the cells
in each pair are connected by a knight move? Do you see how to use this pairing to construct a
pairing for an 8 x 8 board?

The required pairing for a 2 x 4 board is shown in Figure 2.18.

Figure 2.18: A 2 x 4 board: four pairs.
We can combine eight small boards to get a big one (Figure 2.19). Since only one cell from each

pair can be used, this picture proves that we can’t place more than 32 knights and thus finishes the
proof.

Figure 2.19: Combining eight 2 x 4 boards to get a pairing for 8 x 8 board.

In this problem, we saw a difference between an optimal configuration with the maximum
number of knights (e.g., Figure 2.15) and a suboptimal configuration where no knights can be
added (e.g., Figure 2.16).

Bishops on a Chessboard
A bishop attacks diagonally in every direction (Figure 2.20).

Figure 2.20: A bishop moves diagonally.
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Problem 53 How many bishops not attacking each other can be placed on a chessboard? Try it:
Coursera (7.

Now we have enough experience to present a solution to this problem in a rigorous but concise
form. Each of the 15 diagonals (including the two trivial “diagonals”, the top left corner and the
bottom right corner) shown in Figure 2.21(a) may contain only one bishop. In addition, only one of
two trivial diagonals can be used since they are connected by a bishop’s move. Thus, the maximum
number of bishops on a board is at most 14. On the other hand, one can place 14 bishops not
attacking each other, see Figure 2.21(b).
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Figure 2.21: A solution to Problem 53.

There are two remaining chess pieces, the royal ones. If you know how they move, you can
try to determine the maximum number of queens that can be placed on a chessboard. Since the
rook’s moves are available to queens, we cannot place more than eight queens; it turns out (see
Section 2.3) that it is indeed possible to put eight queens on a chessboard. Kings are less aggressive
than queens (they can move only to one of the 8 neighboring cells), and for them, the problem is
easier.

| Problem 54 Prove that one can place 16 kings not attacking each other, but no more.

Hint: divide the board into 2 x 2 squares.

There is another type of interesting question: what is the minimum number of kings that suffices
to attack all the cells (that are not occupied by kings). It is also an optimization problem (here
“optimal” means “minimum” rather than “maximum”). To solve it, you should specify some value
and

» show an example with n kings attacking all the remaining cells;

« prove that fewer than n kings are not enough (i.e., there exists a non-attacked cell without

a king in it).

| Problem 55 Prove that the minimum number of kings attacking all cells is n = 9.

Hint: cut the board into 3 x 3 pieces (this can be done for a 9 x 9 board, but for an 8 x 8 board
some pieces will have to be smaller). Show that each piece can be “covered” by one king, and that
one king should be present in each piece.

In the language of graph theory, this problem is called the dominating set problem, whereas the
previous problems were examples of the independent set problem.

Subsets without x and 2x

In Problem 48, we were asked to select the maximum number of two-digit numbers such that no
two of them sum up to 100. Now, let us consider a similar problem but with another restriction.
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Problem 56 What is the maximum number of integers among 1,2,...,50 that one can select
if one is not allowed to select x and 2x simultaneously? Try it: Coursera 7.

Stop and Think! Can we again split the numbers into pairs of mutually incompatible numbers
that can’t be selected together?

Not exactly. We can’t select 1 and 2 simultaneously, so they should form a pair. But we also can’t
select 2 and 4 simultaneously, so 2 should also be paired with 4. Then 4 should be paired with 8,
and 8 should be paired with 16, etc. This way, we get a chain

1—2—4—8—16—32,

where the neighbors can’t be used simultaneously. (The next number, 64, is outside our range.) In
general, x cannot appear with x/2 or 2x (if present among 1,2,...,50).

I Stop and Think! Can you list other pairs of numbers that can’t be selected together?

The answer can be presented graphically (Figure 2.22).
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Figure 2.22: Chains of mutually incompatible numbers.

Each node contains a number between 1 and 50. Mutually incompatible numbers are connected
by edges. Each chain starts with some odd x (if x is even, then it follows x/2 in a different chain)
and continues with 2x, 4x, etc. as long as possible (numbers do not exceed 50). For numbers
27,29,...,49 the chains are trivial (since there is no node with x/2 or 2x).
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I Stop and Think! How can we now reformulate our question in terms of the graph in Figure 2.22?

The integers 1,2, ...,50 are nodes of the graph, and the restriction is that we should not select
two nodes connected by an edge.

I Stop and Think! What is the maximum number of nodes that can be selected according to this
rule?

The crucial observation here is that the choices in different chains are independent (there are
no edges between chains). Hence, we can choose the maximum number of nodes in each chain
separately and then combine our choices! In the first chain, we can choose three nodes (say, 1,4, 16,
or2,8,32, or 1,8,32, etc.). In the second chain, we can also select three nodes, but there is only
one way to do so: 3,12,48. Then we have chains with two nodes, starting with 5,7,9,11, and all the
remaining chains give only one node. In total, we get the sum 3 +3+2+2+2+2+1+1+4---+1.

I Stop and Think! How many terms do we have in this sum? How many of them are equal to 1?

Each chain gives us one term in the sum, so the number of terms is the number of chains. The
chains start with all odd numbers from this range: 1,3,5,...,49. Since each odd number can be
paired with the following even number, the number of odd numbers (and the number of chains)
is 50/2 = 25. There are 6 terms greater than 1 (recall 3+3+2+2+2+2), and therefore there are
25— 6 = 19 terms that are equal to 1. Then the total sumis 3+3+2+2+2+2+19 =33. Our
reasoning therefore shows that the maximum number of integers that can be selected according
to the rules is 33.

I Stop and Think! Can you write an example of 33 numbers that can be selected according to these
rules?

As we have discussed, there are many ways to do this. One is to take all the numbers in the
first, third, and fifth columns. This gives 25 + 6 + 2 = 33 numbers.

Problem 57 How many different maximum solutions are there (subsets of {1,...,50} of size 33
that do not include x and 2x at the same time)?

We’ll see how to do this using the product rule later in the book. However, if you’re curious,
the answer is 1 536!

Problem 58 What is the maximum number of distinct integers from 1,2,. .., n that can be selected
if we are not allowed to select x and 2x at the same time? In the previous problem, we had
n=>50.

The answer to this problem is a bit more complicated:

n+1 n/4+1 n/4*+1

e R R e F
where |u| stands for the integer part of u, also known as the floor function (the maximum integer
not exceeding u), and the sum is taken until the terms become zero. For n = 50, we get 25+ 6+

2+0+0+... =33 (the answer that we already know). Try to prove this formula for all values of n.
One way to prove this is to show that the first column has L%J numbers, the third column has

{#J numbers, etc.
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Computer Search

This section discusses more advanced techniques for using computers to construct tricky combi-
natorial objects. If you have never written recursive programs before, we encourage you to skip
this section for now and return here after you learn recursion in Section 3.1.

We have already seen examples of problems in which a solution exists but is not at all easy to
construct by hand. A natural thing to do in such a case is to ask a machine to do the job. But if the
search space is enormous, then one still needs to help the machine to narrow the search space.
In this section, we will practice implementing efficient programs for this task. As usual, to intro-
duce the underlying techniques, we use puzzles with simple rules (so that no problem-specific
details distract you from understanding the main ideas). Still, the technique that we introduce,
backtracking, finds applications in a wide range of real-life optimization problems — planning,
scheduling, supply chain optimization, and logistics, to name a few.

Our working example for introducing the backtracking technique will be the classical n queens
problem. Recall that a chess queen moves vertically, horizontally, or diagonally (see Figure 2.23).

Problem 59 — n queens. Is it possible to place n queens on an n x n board such that no two of them
attack each other? Try it: Coursera (7.
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Figure 2.23: Moves of a chess queen.

It is not that difficult to find the answer for n < 5 (try it!), but already for » = 8 it is not easy
to construct a solution by hand.

It is known that, for any n > 4, the answer is positive: one can place n non-attacking queens on
an n x n board for any integer n > 4. Moreover, there is an explicit solution to this task: there is
a simple formula specifying where to place the queens (the fact that the formula is simple means
that it is easy to state it and does not mean that it is easy to find it!).

Problem 60 Assume that n > 4 is even and the remainder of » when divided by 6 is not equal
to 2. Prove that the following placement is correct (i.e., no two queens attack each other): for
every 0 <i<n/2—1, place two queens on the cells (i,2i+ 1) and (n/2 +1,2i). An example of this
placement for n = 12 is shown in Figure 2.24.

This means that one does not need a computer to solve this problem. Still, the n queens problem
is a popular benchmark for various combinatorial optimization programs. Implementing such
a program is also an interesting and instructive problem in algorithms. For this reason, in the rest
of this section, we will be solving the following problem.
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Figure 2.24: A correct placement of 12 queens according to the formula from Problem 60.

I Problem 61 Implement a program that, given n > 4, finds a correct placement of n queens on
an n x n board.

Brute Force

We start by implementing a brute force solution. Specifically, we will carry out the following two

steps.

Step 1. Enumerate all possible placements of n queens in which no two queens lie in the same
row or column.

Step 2. Among all such placements, select one in which no two queens lie on the same diagonal.

Stop and Think! Consider a placement of n queens no two of which lie in the same row or column.
How do we represent such a placement in a program?

To represent it, we may use a sequence ry,ry,...,r,—1 of n integers: r; is the index of the row
containing a queen in the i-th column. That is, a sequence ry,ry,...,r,_ defines the following
n cells on the board:

(0,70),(1,r1),...,(n—1,7,1).

Since we know that no two queens lie in the same row, all r;’s must be different. This, in turn, means
that rg,r,...,r,—1 is nothing else but a permutation of the numbers 0,1,...,n— 1. In Figure 2.25,
we give examples of such permutations.
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Figure 2.25: A placement of n queens in different rows and columns can be represented as a per-
mutation.

A permutation is a fundamental object in discrete mathematics. Therefore, it is not at all
surprising that Python has built-in methods for enumerating permutations. Using the permuta-
tions() function from the itertools library we implement step 1 in just one line of code!
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from itertools import permutations

for permutation in permutations(range(4)):

print(permutation)
@, 1, 2, 3)
@, 1, 3, 2)
@, 2, 1, 3)
o, 2, 3, 1)
@, 3,1, 2)
@, 3, 2, 1
(1, o, 2, 3)
(1, o, 3, 2)
(1, 2, o0, 3)
1, 2, 3, 9
(1, 3, 0, 2)
(1, 3, 2, 9
(2, 0, 1, 3
(2, o0, 3, 1)
(2, 1, o0, 3)
2, 1, 3, 9
2, 3, 0, 1)
(2, 3, 1, 9
(3, 90, 1, 2)
(3, 0, 2, 1)
(3, 1, 0, 2)
(3, 1, 2, 9
(3, 2, 0, 1
(3, 2, 1, 9

We proceed to step 2. Looking at Figure 2.25, we see that not every permutation constitutes
a solution to the n queens problem. For example, the first two permutations in the figure are valid
solutions, whereas the last one is not, as two queens attack each other.

I Stop and Think! How do we check whether a permutation contains two queens on the same
diagonal?

To do this, we need to check whether two cells (i, ji) and (iz, j») lie on the same diagonal. This
happens if and only if

liv—i2| = |j1 — jol

i.e., if the horizontal shift is the same as the vertical shift (see Figure 2.26).

w

—uw—

—3—

Figure 2.26: Two queens are on the same diagonal.

This observation allows us to implement the following simple procedure for checking whether
the given permutation gives a correct solution.
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from itertools import combinations

def is_solution(perm):
pairs = combinations(range(len(perm)), 2)
return all(abs(il - i2) != abs(perm[il] - perm[i2])
for il, i2 in pairs)

print(is_solution([1, 3, @, 27]))
print(is_solution([2, @, 3, 17))
print(is_solution([3, 1, 9, 27]))

True
True
False

In this code, we use another useful function from the itertools library: combinations al-
lows us to enumerate all pairs (iy,i;) such that 0 <i) <i, <n-—1.

Finally, by combining the two steps that we’ve implemented, we get a program for the n queens
problem (basically, just six lines of code!). In the code, the function filter (7 is used to disregard
all permutations for which the function is_solution returns Fal se. The function next 7 just
returns the first permutation satisfying our property. This first permutation is shown in Figure 2.27.

from itertools import combinations, permutations

def is_solution(perm):
return all(abs(il - i2) != abs(perm[il] - perm[i2])
for il, i2 in combinations(range(len(perm)), 2))

print(next(filter(is_solution, permutations(range(8)))))

9, 4, 7, 5, 2, 6, 1, 3)

O = DN Wk 1N
&
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01234567

Figure 2.27: A solution to the 8 queens problem found by the program that we’ve implemented.

The resulting program is simple and short. At the same time, it is too slow. Already for n = 13,
it starts taking a noticeable amount of time to complete. The reason is that it is not at all optimized:
it just goes through all permutations and finds the first one that gives a correct solution. For this
reason, it is called a brute force solution. Below, we show how to optimize it so that it works fast
enough even for n = 20.



2.3.2

2.3 Computer Search 57

Backtracking

The main idea of the powerful backtracking method is the following:

» We construct a solution piece by piece: first, we place a queen in the first column; then,
we place a queen in the second column, and so on.

« At each point, we check whether the given partial solution is correct: for example, if the queens
in the first two columns already lie on the same diagonal, there is no point in extending the
current partial solution further. In such a case, we backtrack.

This is best illustrated by an example. Figure 2.28 shows how one would try to place three
queens on a 3 x 3 board. We start with an empty board and try to place a queen in the leftmost
column. We first place a queen in the bottom row. This leaves a single non-attacked cell in the
middle column (all attacked cells on every board are crossed out). If one places a queen in this
cell, then all cells in the rightmost column are attacked. At this point, we realize that we should
backtrack and try to place a queen in the leftmost column in some other cell. If we use the middle
cell, then all cells in the middle column are attacked, so we discard this partial solution and
backtrack again. Finally, we try the top row in the leftmost column. This branch leads to a dead
end similar to the one in the leftmost branch of the tree.

Figure 2.28: A backtracking approach to the 3 queens problem.

To implement the backtracking approach, we need to be able to enumerate partial permutations.
This can be done as follows: given a partial permutation, extend it with an element that it does
not contain and continue recursively.

def extend(perm, n):
if len(perm) == n:
print(perm)
return

for k in range(n):

if k not in perm:
extend(perm + [k], n)

extend(perm=[], n=3)

[0, 1, 2]
[0, 2, 1]
[1, 0, 2]
[1, 2, 0]
[2, 0, 1]
[2, 1, 0]

Asusual, it is instructive to add a few debug printing instructions to better understand the behavior
of the code.
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def extend(perm, n):

if len(perm) == n:
print(f'Final permutation: {perm}')
return
print(f'Extending partial permutation {perm}...')

for k in range(n):
if k not in perm:
extend(perm + [k], n)

extend(perm=[], n=3)

Extending partial permutation []...
Extending partial permutation [@]...
Extending partial permutation [0, 1]...
Final permutation: [0, 1, 2]

Extending partial permutation [0, 2]...
Final permutation: [0, 2, 1]

Extending partial permutation [1]...
Extending partial permutation [1, @]...
Final permutation: [1, @, 2]

Extending partial permutation [1, 2]...
Final permutation: [1, 2, 0]

Extending partial permutation [2]...
Extending partial permutation [2, @]...
Final permutation: [2, @, 1]

Extending partial permutation [2, 1]...
Final permutation: [2, 1, @]

OK, we now know how to generate permutations recursively. We do this by starting from
an empty permutation and extending it gradually. The next step is to detect partial permutations
that cannot be extended to a solution to the n queens problem. To do this, we just check whether
the last element of the permutation (i.e., the rightmost queen) conflicts with any of the previous
elements (i.e., is attacked by one of the previous queens).

def can_be_extended(perm):
i = len(perm) - 1
return all(i - j != abs(perm[i] - perm[j])
for j in range(i))

Finally, we have everything we need to write our backtracking program! For n = 16, it finds
a solution immediately.

def can_be_extended(perm):
i = len(perm) - 1
return all(i - j != abs(perm[i] - perm[j])
for j in range(i))

def extend(perm, n):
if len(perm) == n:
print(perm)
exit()



2.3 Computer Search 59

for k in range(n):
if k not in perm:
if can_be_extended(perm + [k]):
extend(perm + [k], n)

extend(perm=[], n=16)

(6, 2, 4, 1, 12, 8, 13, 11, 14, 5, 15, 6, 3, 10, 7, 9]

In Section 7.2, we show how to implement a program that works in the blink of an eye even for
n = 100.

To practice implementing backtracking solutions, try to solve the following problem (it is not
easy to solve by hand!).

Problem 62 In a5 x 5 grid, draw 16 diagonals that do not touch each other. (E.g., in 3 x 3 and
4 x 4 grids one can place 6 and 10 diagonals, respectively. See Figure 2.29.) Try it: Coursera (7.
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Figure 2.29: Placing many non-intersecting diagonals.

A backtracking approach for this problem may proceed as follows:
« Fill in the grid gradually (say, from bottom to top, from left to right).
» For each cell consider three possibilities:
1. Diagonal from bottom left corner to top right corner.
2. Diagonal from bottom right corner to top left corner.
3. No diagonal.
» Whenever a new diagonal is placed, check whether it conflicts with other diagonals. If it does,
backtrack.
We encourage you to post your solution and to check solutions submitted by other learners in the
forum thread UJ.

Problem 63 Prove that one cannot place more than 16 non-intersecting diagonals ona 5 x 5
grid.

This is another challenging problem. To see that 16 is optimal, note that a 5 x 5 grid contains
36 nodes and each diagonal must use two of them. This already means that it is impossible to place
more than 18 diagonals. To see that placing even 17 diagonals is impossible, see Figure 2.30.
It focuses our attention on two layers of nodes: the outer one (shown in blue) and the layer next
to it (shown in black). If we manage to place 17 diagonals, then only two nodes will be unused.

Every blue node can be joined by a diagonal to either another blue node or a black node. At the
same time, if we join two blue nodes (this is only possible for two blue nodes that are close to the
corner), we block the corner blue node. Thus, even if we join every black node with some blue
node, we will still have eight remaining blue nodes that can be joined only to each other. To leave
only two of them unused, we need to join at least three pairs of them, but (as discussed above) this
makes three blue nodes unused.

When you implement a backtracking program for the 5 x 5 grid and make sure that it finds
an answer, you might want to check the behavior of your program on n x n grids for n > 5 (and
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Figure 2.30: Two layers of nodes in the 5 x 5 grid.

even for n x m grids). Interestingly, already for n = 27 the exact value of the maximum number
of diagonals for the n x n grid is not currently known! See the corresponding sequence  in the
Online Encyclopedia of Integer Sequences.

Another way to generalize the diagonals problem is to consider diagonals of length v/5 in 1 x 2
rectangles. For example, one can place 20 such diagonals on a 6 x 6 grid, see Figure 2.31.
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Figure 2.31: 20 non-intersecting 1 x 2 diagonals on a 6 x 6 grid.

Problem 64 Prove that it is possible to place 21 non-intersecting diagonals of length v/5ina 6 x 6
grid.

In Section 7.3, we state the diagonals problems as Integer Linear Programming (ILP) problems
and use ILP solvers to solve them efficiently even when 7 is as large as 15.

Summary

 In some situations, an object exists but is not easy to construct by hand. In this case, one
may want to use a computer to find such an object.

« If the search space is small enough, a naive brute force search might help to find the
required object. However, in many cases, the search space is enormous and one should use
additional techniques to narrow the search space.

« One such technique is known as backtracking. Its main idea is to construct the required
object step by step and to take a step back as soon as a conflict is detected.



